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Swirling topological spin configurations, known as magnetic skyrmions, are known to be stabilised
in chiral ferromagnets with Dzyaloshinskii-Moriya interaction (DMI). In particular, for appropriate
values of the external magnetic field they appear in a topological crystalline phase, termed Skyrmion
crystal phase (SkX). A similar phenomenon is present in the antiferromagnetic case, for the Heisen-
berg triangular antiferromagnet (HTAF) with DMI. Here, the most striking feature is that the
emergent topological phase consists of three SkX interpenetrated sublattices. On the other hand,
the pure HTAF, being described by an SO(3) order parameter, can host Z2 vortices. This rises the
fundamental question on whether both non trivial structures are related. In this paper we unravel a
hidden connection between both topological entities by studying the HTAF with anisotropic DMI.
To this end, we combine an effective field theory description, the Luttinger-Tisza approximation
and Monte Carlo simulations. We show that even a slight anisotropy in the DMI proves to be the
key ingredient to deform the interpenetrated SkX structure and reveal a Z2-vortex crystal.
PACS numbers:
Introduction.– Skyrmions are topological magnetic
units which, either in isolated form or organized in a
crystal structure (SkX)1–5, are by now ubiquitous in na-
ture. In most cases, they are stabilized in ferromagnetic
systems with a combination of an external magnetic field
and DMI6–9. In the case of the HTAF, the periodic mag-
netic structure shows up in a more intricate way: it arises
as three different SkX’s, one on each sublattice, which
interpenetrate and lead to a new crystal state (see Refs.
[10,11]) that was termed AF-SkX (see also Ref. [12]).
The nature of this intricate magnetic structure is the
main object of study in this letter.
In the case of zero DMI, the HTAF at finite tempera-
ture has been studied in Ref. [13] where it was shown
that, in connection to the SO(3) structure of the or-
der parameter, a binding-unbinding transition of Z2 vor-
tices takes place. More recently, Rousochatzakis et al
[14] studied the HTAF with Kitaev-like interactions and
found an intermediate phase in which Z2 vortices crys-
tallize in a triangular array (we call it here Z2X state).
Interestingly, we have found that also the AF-SkX struc-
ture can lead to a periodic arrangement of pairs of Z2
vortices: we show that the key ingredient that makes con-
nection between these two topologically different phases
is an anisotropic DMI.
More precisely, in this Letter we show that spatial
anisotropy in the DMI within the HTAF (whose origin
could be structural or artificially induced) can be used as
a tuning parameter that allows one to move from a topo-
logically smooth non-trivial configuration, the AF-SkX,
to a topologically singular one, a lattice of pairs of Z2
vortices.
In order to show this, we first explore the possible mod-
ulated states through the Luttinger-Tisza approximation
(LTA)15 and then study the magnetic phase diagram us-
ing Monte Carlo (MC) simulations. Then, we derive an
effective field theory (ET) which provides further support
to the numerical results. We focus our attention on the
emergence of a complex magnetic phase described as a
Z2 vortex-pair lattice, that in each sublattice presents a
periodic arrangement of deformed skyrmions.
Model.– We start by considering the following micro-
scopic Hamiltonian for a classical spin system on a trian-
gular two-dimensional lattice:
H =
∑
<r,r′>
[J(Sr · Sr′) +Dr,r′ · (Sr × Sr′)]−B ·
∑
r
Sr,
(1)
where the spin is a unimodular vector, |Sr| = 1, J > 0
is the antiferromagnetic exchange coupling and Dr,r′ are
vectors describing the DMI. In this work we will consider
the effect of spacial anisotropy in the DMI, controlled
through two parameters Dx, Dy as shown in Fig. 1(a).
We start by looking for possible modulated states at
zero temperature and zero magnetic field by means of the
LTA. The spectrum obtained within this method consists
of three bands λ−(k), λ0(k) and λ+(k). For Dx = Dy =
0, the three overlap completely (λ+(k) = λ0(k) = λ−(k))
and the ordering corresponds to a 120◦ structure with
the wave vector k = (4pi/3, 0). For nonzero DMI (ei-
ther Dx,y 6= 0 or both) there is a minimum surface
λ−(k) which does not intersect the other bands and
hence the magnetic order is determined by its minima
k∗. There exist three such non-equivalent local min-
ima k∗i indicated in Fig.1. For the isotropic case the
minima lie on the vertices of a regular hexagon and the
three minima are equivalent10,11 having the same energy.
In the anisotropic case Dx 6= Dy the minima are dis-
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2FIG. 1: (Color online) (a): Triangular lattice. The red arrows indicate the direction of the anisotropic DMI vectors, which
depend on two parameter which control the spacial anisotropy: D(1) = (Dx, 0), D
(2) = (−Dx/2,
√
3Dy/2) and D
(3) =
(−Dx/2,−
√
3Dy/2). The green solid arrows are unit vectors. Ordering vectors k
∗
i for (b) Dx = Dy = 0.35 J , (c) Dx = 0.27 J
and Dy = 0.35 J and (d) Dx = 0.35 J and Dy = 0.27 J . The green squares correspond to the Bragg peaks of the in plane
structure factor (S⊥(k)) calculated from 100 MC snapshots at B/J = 2.7 and T/J ≈ 1 × 10−2. The red circles indicates the
set of minima of λ−(k). The red hexagon delimit the first Brillouin zone of the triangular lattice. The black arrows represent
qualitatively the displacement of the minima of λ−(k) and the peaks of S⊥(k) with respect to the isotropic case.
tributed along an irregular hexagon. In this case we
have λ−(k∗1) 6= λ−(k∗2) = λ−(k∗3). If Dx < Dy then
λ−(k∗1) > λ
−(k∗2,3), if Dx > Dy then λ
−(k∗1) < λ
−(k∗2,3).
This result expresses the possible existence of a phase
with a modulated magnetic order with a definite k∗, the
one for which λ− takes the absolute minimum. However,
since the difference between the energy of the absolute
minimum and the local one is small (≈ 1%), the presence
of the external magnetic field and temperature could mix
them all, stabilizing a triple-q state.
Monte Carlo simulations.–The presence of this triple-q
phase (at finite magnetic field and temperature) without
the restrictions imposed by the LTA approach, can be
tested by classical Monte Carlo (MC) simulations of the
spin Hamiltonian given in Eq. (1). To this end, we study
the parallel and perpendicular (to z) components of the
structure factor S‖(k) = 1N
〈∣∣∑
r S
z
r e
−ik·r∣∣2〉, S⊥(k) =
1
N
〈∣∣∣∑r,α=x,y Sαr e−ik·r∣∣∣2〉. In Fig. 1 we present the re-
sults for S⊥(k) (the component S‖(k) has the same be-
haviour and is not included here) for B/J = 2.7 and
T/J = 10−2. We observe the presence of a three-peaks
pattern where the minima positions are modified by the
anisotropic DMI. The position of these peaks can be com-
pared with the minima found within the LTA, showing
an excellent agreement in the displacement produced by
the anisotropy (see Fig. 1). The similarity between
the isotropic and the anisotropic structure factors, sug-
gest that an interpenetrated spin structure could also be
present in the anisotropic case10,11.
The analysis of the low temperature phase diagram
for the anisotropic case provides similar results as the
isotropic one. In particular, for intermediate fields
2.2 < B/J < 5, the AF-SkX phase is stabilized. The
main difference is that, on each interpenetrated lattice,
the anisotropy leads to oblate skyrmions (see Fig. 2(a)).
The skyrmions stretch along the yˆ (xˆ) direction for
Dx > Dy (Dx < Dy) and they are located on the
vertices of isosceles triangles (instead of equilateral ones,
as occurs in the isotropic case).
As we show below, the oblate skyrmions arranged in
the distorted triangular pattern on each sublattice, pro-
duce the emergence of a lattice of Z2 vortex pairs. It
is well known that, in the absence of DMI and for very
small magnetic fields, the HTAF can be described by an
SO(3) order parameter13,16. From the SO(3) description,
the spin configurations of the triangular antiferromag-
netic system can be classified by the first homotopy group
Π1(SO(3)) ≈ Z2. This means that, from a topological
perpective, there only exists two non-equivalent configu-
rations, the trivial (non-singular) configuration and the
non trivial (singular) one.
In order to study the possible appearance of these Z2
vortices in the distorted model, we introduce the chirality
vector field κ following13:
κ =
2
3
√
3
(S1 × S2 + S2 × S3 + S3 × S1) . (2)
This vector, in the absence of DMI, is perpendicular to
the plane of the 120◦ structure. Its modulus, 0 ≤ |κ| ≤ 1,
provides information about the degree of deformation of
the 120◦ structure, vanishing whenever two spins are par-
allel and giving |κ| = 1 when the 120◦ planar configura-
tion is achieved. In order to calculate the vorticity, we
assign a trihedron (rigid-body) to each triangular pla-
quette associated with their spin configuration. This tri-
hedron is represented by three mutually orthogonal unit
3FIG. 2: (Color online) Spin configuration for the full lattice
(left) and for one sublattice (right) for Dx/J = 0.35, Dy/J =
0.27 and B/J = 2.7 obtained from (a) MC simulations at
T/J ≈ 10−2 and (b) the discretization of the spin field from
the ET results. The arrows represent the in-plane components
of the spin, the colour represents the Sz component (blue
stands for Sz = −1 and red for Sz = 1).
vectors constructed from the spin field. We chose these
vectors as indicated in Ref.13: the first vector is chosen
to be in the direction of the chirality vector n1 = κˆ, the
second vector is n2 = (n1×Si)×n1 where Si is the spin
vector on a given sublattice, and the third is the cross
product of the previous, n3 = n1 × n2. The rigid-body
transforms from a point p to another point p′ through
a matrix R ∈ SO(3). By following the prescription in-
troduced by Kawamura and Miyashita13 we can assign a
unique SU(2) matrix (this representation is two-to-one,
two elements of SU(2) correspond to the same element
of SO(3)) to each SO(3)-matrix along the line connecting
two adjacent points of the plaquette lattice. We call Ui
to the matrix associated to the i-th link.
The vorticity VC for a closed path C is defined as13
VC = 1
2
Tr
{∏
i∈C
Ui
}
, (3)
assuming that the Z2 group is represented by the ele-
ments {−1, 1} with the usual product, the vorticity takes
the value VC = −1 (VC = +1) for trajectories enclosing
an odd (even) number of vortices. The smallest loops on
the plaquette triangular lattice correspond to the non-
equivalent triangles which we call CC and CB. They
connect three adjacent plaquettes and they do not over-
lap with each other (except for the vertices and edges
they could have in common).
In Fig. 3 we show the chirality κ given by Eq.
(2) on each plaquette of the latttice. As in previous
studies13,17, here the Z2-vortices are sited over the ze-
ros of the in-plane chirality vector field, with non-trivial
index18. We present the results for three representative
cases: Dx > Dy, Dx = Dy (isotropic case) and Dx < Dy,
from both the MC simulations (Fig. 3(a)) at low tem-
peratures (T ≈ 10−2J) and by means of the analysis of
the ET at zero temperature (Fig. 3(b)). The localiza-
tion of the vortices is determined from MC snapshots
by the calculation of the vorticity around the smallest
closed curves. We calculate the vorticity for all the CC
and CB triangles. The green triangles are those for which
V = −1 indicating the presence of a vortex in that po-
sition of the lattice. We recognize pairs of vortices in
the regions where the modulus of κ is minimum and the
in-plane chirality is zero.
For the isotropic case we can see that the vortices are
almost superimposed and the direction of separation is
randomly oriented. On the other side, the presence of the
anisotropy Dx 6= Dy increases the separation between the
vortices. The direction of the separation is determined
by the anisotropy: if Dy > Dx (Dx > Dy) they depart
from each other in the xˆ (yˆ) direction as shown in Fig.
3(a). The green contours (in the lower panels of Fig.
3(a)) are those for which we count a negative vorticity
indicating that this contour surrounds a vortex. For the
deep blue loop (which encloses the regions delimited by
the two green loops) we have V = 1, meaning that it
contains an even number of vortices, as expected.
Effective field theory.– To further analyze the appear-
ance of the Z2X lattice as we turn on the DMI anisotropy,
we extend the effective field theory approach (following
the same lines as in a previous work11) in order to analyse
the effect of the anisotropy in this vortex separation. We
consider a set of variational Ansa¨tze to describe the AF-
SkX phase, with the modification that the ki (i = 1, 2, 3,
that span the SkX phase represented as a triple-q phase)
are not of the same length and they do not form an angle
of 120◦. However they still satisfy
∑
i ki = 0, with two
vectors of the same length and different from the third:
|k1| 6= |k2| = |k3|. The terms containing derivatives of
M (∇2M, ∂xM and ∂yM) are negligible for the AF-SkX
phase considered here11. Thus the minimal Hamiltonian
to describe this phase is given by:
H = HM +
3∑
i=1
Hi,
HM = J
2
(M2 − 3),
Hi = −a2 J
8
Si · ∇2Si − 1
3
B ·M−
− a
4
Si · [Dx (∂xSi × xˆ) +Dy (∂ySi × yˆ)] . (4)
With this Hamiltonian and generalizing the Ansatz
used in Ref.11 for the anisotropic case, we find that for
4FIG. 3: (Color online) Vortex configuration for different val-
ues of Dx, Dy at B/J = 2.7. On the left side, Dy/Dx = 1.3
(Dy/J = 0.35), the central panel Dx/Dy = 1 (Dx/J = 0.35),
and the right panel is for Dy/Dx = 0.77 (Dx/J = 0.35). The
second lines correspond to a zoom of the region bounded by
the inner black squares. In the zoomed regions the vorticity
is V = −1 along the green curves and V = 1 for the deep blue
curves. (a) Results from MC simulations at T/J ≈ 10−2. The
green triangles represent the position of the vortices. (b) Re-
sults from ET. The green points indicate the position of the
vortices. In the complete graph the distance between the ticks
is 8a (a is the lattice parameter) and in the zoomed region it
is 4a. The arrows correspond to the in-plane component of
chirality vector and the color represents its length, blue (red)
for |κ| = 0 (|κ| = 1).
magnetic fields 2.4 < B/J < 4.5 a modified SkX phase
on each spin sublattice shows up, see Fig. 2(b). As in
the MC results, these modified SkX sublattice structures
can be described as oblate skyrmions arranged on a tri-
angular lattice with one of its sides elongated22.
The green filled circles in Fig. 3(b) represent the po-
sitions of the vortices. In the isotropic case the min-
ima of |κ| do not correspond to vortices, since for every
closed curve, we find that the vorticity is V = 1, that is,
there are no vortices. However, we can see that a pair
of vortices appears when the anisotropy is turned on, as
depicted in the left and right panels of Fig. 3(b). As
shown in the lower panels, for a loop enclosing only one
minimum (green circle) the vorticity is V = −1, while
for a loop enclosing two minima (deep blue) the vorticity
is V = 1. Again the separation of the vortices is de-
termined by the anisotropy taking place along the yˆ (xˆ)
direction for Dx > Dy (Dy > Dx). These results coincide
with those obtained from MC simulations. From all this,
we conclude that pairs of vortices appear in the ground
state, forming a triangular lattice, as soon as the DMI
anisotropy is turned on. In the isotropic limit these pairs
of vortices are superimposed resulting in a topologically
smooth configuration, while in the case of anisotropic
DMI, the vortices split away, and the configuration be-
comes topologically singular. We should note that within
the effective field theory the lattice distance is effectively
set to zero while in the MC simulations it is the effect of
the lattice distance which produces a mismatch between
the interpenetrated skyrmion lattices and hence one ob-
serves closely bounded pairs of vortices in the isotropic
case.
Outlook.– In summary, in this manuscript we have
studied the connection between the intrincate topolog-
ical structure present in the AF-SkX phase and the Z2
vortices formed by chirality vectors. To carry out this
challenging task, we have resorted to a combination of
techniques, comprising an effective field theory descrip-
tion in the continuum limit, the Luttinger-Tisza approx-
imation and extensive Monte-Carlo simulations.
Our most striking result is that in the AF-SkX
phase, composed of three interpenetrated ferromagnetic
skyrmion lattices, a small anisotropy in the DM interac-
tion induces the emergence of a periodic lattice of stable
topological Z2 vortex-pairs that covers the entire mag-
netic system. In order to detect this vortex structure,
formed by chirality vectors, we compute the vorticity as-
sociated with closed contours on the dual lattice. We
found that the anisotropy is the key to control the sep-
aration between vortices, while keeping the topological
structure of the AF-SkX phase stable. We have con-
firmed this scenario by means of large scale Monte Carlo
simulations. A most relevant feature in this new topolog-
ical phase is that the vortex-pair lattice emerges in the
ground state, whereas in the pure HTAF the Z2 vortices
appear in thermally excited states13.
This study thus proposes a tool to explore vortex lat-
tices: the manipulation of the DM anisotopy. This opens
the door to the exploration of new topological proporties.
We expect that the anisotropy of the interactions may be
experimentally realised in thermal strain studies, as done
for example in the FeGe compound19. A challenging goal
is the detection of the proposed Z2-vortex lattice, yet it
has been suggested that the dynamical spin structure fac-
tor, which can be measured by means of inelastic neutron
scattering, could be the key to achieve this objective20.
Acknowledgments.– This work was partially supported
by CONICET (PIP 2015-813) and ANPCyT (PICT
2012-1724). H.D.R. acknowledges support from PICT
52016-4083. S.A.O acknowledges to Mart´ın Villalba and Flavia Gomez Albarrac´ın for fruitful discussions.
1 A. Bogdanov and D. Yablonskii, Zh. Eksp. Teor. Fiz 95,
182 (1989).
2 A. Bogdanov and A. Hubert, Phys. Stat. Sol. (b) 186, 527
(1994).
3 S. Mu¨hlbauer, B. Binz, F. Jonietz, C. Pfleiderer, A. Rosch,
A. Neubauer, R. Georgii, and P. Bo¨ni, Science 323, 915
(2009).
4 X. Yu, Y. Onose, N. Kanazawa, J. Park, J. Han, Y. Matsui,
N. Nagaosa, and Y. Tokura, Nature 465, 901 (2010).
5 J. H. Han, J. Zang, Z. Yang, J.-H. Park, and N. Nagaosa,
Phys. Rev. B 82 (2010).
6 N. Nagaosa and Y. Tokura, Nature nanotechnology 8, 899
(2013).
7 G. Finocchio, F. Bu¨ttner, R. Tomasello, M. Carpentieri,
and M. Kla¨ui, Journal of Physics D: Applied Physics 49,
423001 (2016).
8 A. Fert, N. Reyren, and V. Cros, Nature Reviews Materials
2, 17031 (2017).
9 K. Everschor-Sitte, J. Masell, R. M. Reeve, and M. Kla¨ui,
Journal of Applied Physics 124, 240901 (2018).
10 H. D. Rosales, D. C. Cabra, and P. Pujol, Phys. Rev. B
92, 214439 (2015).
11 S. A. Osorio, H. D. Rosales, M. B. Sturla, and D. C. Cabra,
Phys. Rev. B 96, 024404 (2017).
12 S. A. Dı´az, J. Klinovaja, and D. Loss, Physical review let-
ters 122, 187203 (2019).
13 H. Kawamura and S. Miyashita, Journal of the Physical
Society of Japan 53, 4138 (1984).
14 I. Rousochatzakis, U. K. Ro¨ssler, J. van den Brink, and
M. Daghofer, Phys. Rev. B 93, 104417 (2016).
15 J. Luttinger and L. Tisza, Physical Review 70, 954 (1946).
16 T. Dombre and N. Read, Physical Review B 39, 6797
(1989).
17 M. Becker, M. Hermanns, B. Bauer, M. Garst, and
S. Trebst, Phys. Rev. B 91, 155135 (2015).
18 J. W. Milnor and D. W. Weaver, Topology from the differ-
entiable viewpoint (Princeton university press, 1997).
19 K. Shibata, J. Iwasaki, N. Kanazawa, S. Aizawa, T. Tani-
gaki, M. Shirai, T. Nakajima, M. Kubota, M. Kawasaki,
H. Park, et al., Nature nanotechnology 10, 589 (2015).
20 T. Okubo and H. Kawamura, Journal of the Physical So-
ciety of Japan 79, 084706 (2010).
21 S. A. Osorio, M. B. Sturla, H. D. Rosales, and D. C. Cabra,
Phys. Rev. B 99, 064439 (2019).
22 The same configuration of elliptical skyrmions was encoun-
tered in the context of chiral ferromagnets with anisotropic
DMI19,21.
